Abstract. We show that the set of Lebesgue integrable functions in [0, 1] which are nowhere essentially bounded is spaceable, improving a result from [6] , and that it is strongly c-algebrable. We prove strong c-algebrability and non-separable spaceability of the set of functions of bounded variation which have a dense set of jump discontinuities. Applications to sets of Lebesguenowhere-Riemann integrable and Riemann-nowhere-Newton integrable functions are presented as corollaries. In addition we prove that the set of Kurzweil integrable functions which are not Lebesgue integrable is spaceable (in the Alexievicz norm) but not 1-algebrable. We also show that there exists an infinite dimensional vector space S of differentiable functions such that each element of the C([0, 1])-closure of S is a primitive to a Kurzweil integrable function, in connection to a classic spaceability result from [9] .
Introduction and terminology
This work is a contribution to the study of large linear and algebraic structures within essentially nonlinear sets of functions which satisfy special properties; the presence of such structures is often described using the terminology lineable, algebrable and spaceable. Recall that a subset S of a topological vector space X is said to be lineable (respectively, spaceable) if S ∪ {0} contains an infinite dimensional vector subspace (respectively, a closed infinite dimensional vector subspace) of X; this terminology was first introduced in [5] (see also [1] ). The term algebrability was introduced later in [2] ; if X is a linear algebra, S is said to be κ-algebrable if S ∪ {0} contains an infinitely generated algebra, with a minimal set of generators of cardinality κ (see [2] for details). We shall work with a strenghtened notion of κ-algebrability, namely, strong κ-algebrability. The definition follows: Definition 1.1. We say that a subset S of an algebra A is strongly κ-algebrable, where κ is a cardinal number, if there exists a κ-generated free algebra B contained in S ∪ {0}.
We recall that, for a cardinal number κ, to say that an algebra A is a κ-generated free algebra, means that there exists a subset Z = {z α : α < κ} ⊂ A such that any function f from Z into some algebra A ′ can be uniquely extended to a homomorphism from A into A ′ . The set Z is called a set of free generators of the algebra A. If Z is a set of free generators of some subalgebra B ⊂ A, we say that Z is a set of free generators in the subalgebra A. If A is commutative, a subset Z = {z α : α < κ} ⊂ A is a set of free generators in A if for each polynomial P and for any z α1 , z α2 , . . . , z αn ∈ Z we have P (z α1 , z α2 , . . . , z αn ) = 0 if and only if P = 0.
The definition of strong κ-algebrability was introduced in [3] , though in several papers, sets which are shown to be algebrable are in fact strongly algebrable, and that is seen clearly by the proofs. See [2] and [7] , among others. Strong algebrability is in effect a stronger condition than algebrability: for example, c 00 is ω-algebrable in c 0 but it is not strongly 1-algebrable (see [3] ).
All functions in this paper are real valued and defined in [0, 1], unless stated otherwise. We are particularly interested in functions which are integrable with respect to some definition of integral, but nowhere integrable with respect to a different definition of integral. We clarify that the notation f is nowhere T-integrable, for some integration process T, means that f is not T-integrable in any subinterval of the domain.
In section 2, we show that the set G of nowhere essentially bounded (not essentially bounded in any subinterval of the domain) Lebesgue integrable functions is spaceable and strongly c-algebrable. The fact that G is spaceable improves a result from García-Pacheco, Martín, and Seoane-Sepúlveda [6] , which states that the set of Lebesgue integrable functions which are not equivalent to Riemann integrable functions is spaceable. The improvement is seen clearly in Corollary 2.4. In section 3, we investigate spaceability and algebrability properties of the set of functions of bounded variation which have a dense set of jump discontinuities -which are, in turn, all Riemann-nowhere-Newton integrable. A connection with a result from [7] will be pointed out. Section 4 is dedicated to Kurzweil integrable functions. We show that the set J of Kurzweil integrable functions which are not Lebesgue integrable is spaceable, but J does not contain any nontrivial algebra. We discuss the relation with a result from Gurariy [9] (see also [10] ), which states that the set of differentiable functions is lineable but not spaceable in C([0, 1]). At the end of sections 2 and 4, we include some problems left open and remarks which stimulate further investigation.
Spaceability and algebrability of sets of Lebesgue integrable functions
Let G be the set of all Lebesgue integrable functions in [0, 1] which are nowhere essentially bounded. The main results is this Section are that G is spaceable in the L 1 norm and that it is strongly c-algebrable. Our construction of functions in G involves infinite unions of Cantor sets. We recall that a Cantor set A in [a, b] is a perfect, not countable, nowhere dense subset of [a, b] of diameter b − a which is obtained by subtracting from [a, b] a countable union of open sets in a special way, so that A can measure from zero to strictly less than b − a. We shall call these open sets the holes of A, and use also the following notation: Definition 2.1. We say that a nonvoid subset B of [a, b] of the form B = ∪{A j : j ∈ Γ} is Cantor-built (with Cantor components 
Note that, if A is measurable, then A I is measurable and m(A I ) = (b − a)m(A).
We shall now define a family of functions f j in G. 
, there is a natural number j 0 such that A j has a Cantor component contained in J for each j ≥ j 0 . Let 1 < θ < 2, write Θ . = j (θ/2) j and define, for each j, f j . = θ j χ Aj . Suppose that, for each natural number k, (n k j ) j is a strictly increasing sequence of natural numbers, and that those sequences are pairwise disjoint. For each k define
Note that each g k ∈ G, and
Proof. For each natural numbers m 1 < m 2 and each a 1 , . . . , a m2 ∈ R the inequality
k=1 a k g k holds, thus (g k ) k is a basic sequence, and therefore a Schauder basis to span({g k } k ). It follows that, for a given nonzero f ∈ span({g k } k ), there is a nonzero sequence (α k ) k of real numbers satisfying We will now study the strong algebrability aspect of the set G. First, note that the construction of the sequence of Cantor-Built sets A j is associated to the convergent series j 2 −j . It is not hard to see that with some technical effort we can build a similar sequence of Cantor-built sets B j in [0, 1] associated to the series 
has a Cantor component contained in J for each j ≥ j 0 . Let {θ α : α < c} a set of real numbers strictly greater than 1 such that the set {ln(θ α ) : α < c} is linearly independent over the rational numbers. For each α < c, define
For each α the series j θ j α j! converges, thus each g α is Lebesgue integrable. Theorem 2.5. {g α : α < c} is a set of free generators, and the algebra generated by this set is contained in G ∪ {0}. In particular, G is strongly c-algebrable.
Proof. It suffices to show that, for every m and n positive integers, for every matrix (k ij : i = 1, . . . , m, j = 1, . . . , n) of non-negative integers with non-zero and distinct rows, for every α 1 , . . . , α n < c and for every β 1 , . . . , β m ∈ R which do not vanish simultaneously, the function
.. + k in ln θ αn and ln θ α1 , ..., ln θ αn are Qlinearly independent, the numbers ln(θ ki1 α1 · · · θ kin αn ), i = 1, ..., m, are distinct. Then by the strict monotonicity of the logarithmic function we may assume that
we also may assume β 1 = 0. To simplify the notation put θ i = θ ki1 α1 · · · θ kin αn . Then we can write
From (2.2) and since β 1 is assumed to be nonzero, we can find j 0 ∈ N such that
for all j ≥ j 0 . Then for those j
Since each nonvoid open subset of [0, 1] intercepts all B j in a non-null set (for high enough j), the inequality above shows that g is nowhere essentially bounded.
In parallel to Corollary 2.4, we have the following:
Corollary 2.6. The set of Lebesgue integrable functions which are not equivalent to a Riemann integrable function in any subinterval of the domain is strongly calgebrable.
Further questions on the algebrability of G.
It is unknown to the authors wether G ∪ {0} admits a closed algebra within it. We do not even know wether the free algebra constructed in the proof of Proposition 2.5 has its closure contained in G ∪ {0}; a positive answer would imply automatically on the spaceability of G. By another point of view, note the following:
Proposition 2.7. The set of nowhere essentially bounded functions is co-meager in L 1 .
Proof. Let N ∈ N and I be any subinterval of [0, 1] with rational endpoints. Let M = {f ∈ L 1 : |f (x)| ≤ N for a.e. x ∈ I}. To end the proof it suffices to show that M is nowhere dense.
Let B(f, R) be a ball in L 1 centered in some f with a radius R > 0, and take a subinterval J of I with length
Consider the ball B(g, R/7), and let h ∈ B(g, R/7). Then h ∈ M would imply
In particular, G is dense in L 1 . This motivates the search of algebras within G ∪ {0} which are dense in L 1 . It is not of the knowledge of the authors wether these algebras exist. Note that the algebra constructed in the proof of Proposition 2.5 cannot be dense, since functions contained in the closure are all constant when restricted to each B j .
Spaceability and algebrability of sets of functions of bounded variation
In Theorem 4.1 from [7] , García-Pacheco, Palmberg and Seoane-Sepúlveda showed that the set of bounded functions with removable singularities in each rational, and
In this section we investigate the set, which we will denote by F , of functions of bounded variation with a dense set of jump discontinuities. This set is related to the mentioned result of [7] , since each element of F is also Riemann integrable and nowhere Newton integrable; only this time the nowhere Newton integrability comes from the fact that derivatives do not have jump discontinuities 
Then f belongs to F ; more specifically, it is monotone, continuous in [0, 1] \ Q, and has a jump discontinuity in each rational number in (0, 1). Constructions based on this function will be used to prove the main results of this section, namely Theorems 3.1 and 3.2. Proof. Define the Vitalli relation on (0, 1) in the following way: x ∼ y ⇐⇒ x− y ∈ Q. Let V be a selector of the Vitalli relation, consider the function f defined in (3.1), and for each v ∈ V define
Note that the one-sided limits of
, from which follows that
This shows that the set {f v : v ∈ V } is a discrete subset of BV [0, 1] of cardinality c. Let f = α 1 f v1 + ... + α k f v k be a linear combination such that α i = 0 and v i are distinct. Then the set of all points of jump discontinuity of f equals (0, 1) ∩ ({v i : i = 1, . . . , k} + Q).
1 Recall that we say that a function F :
is continuous and F ′ = f in (a, b). Some authors refer to functions which have antiderivatives as Newton integrable, and this terminology is naturally convenient for us. Now, let g ∈ span{f v : v ∈ V }. Then there is a sequence (v i ) of distinct elements of V such that g ∈ span{f vi : i ∈ N}. Let us show that (f vi ) is a basic sequence. Note that f vi ≤ 3. Fix a sequence of real numbers (β i ) i , and n < m. Then
For simplicity put h = β 1 f v1 + · · · + β m f vm . Then |h(v
Hence,
and (f vi ) i is a basic sequence. Then there exists a sequence (a i ) of real numbers
Clearly the set of discontinuities of g is dense in (0, 1). It is possible to prove the spaceability of F more directly, and without using non-measurable sets, as a consequence of Theorem 2.3. Non-separability, although, is lost. We will include this alternative proof at the end of the section.
Theorem 3.2. F is strongly c-algebrable.
To prove Theorem 3.2, we will need Lemmas 3.3 and 3.4. Proof. Take Q-linearly independent set of real numbers {r α : α < c}. Then {x → e rαx : α < c} is a set of free generators.
Lemma 3.4. Suppose that G j ∈ A, j = 1, . . . , k, and that G k is non-zero. Then
where f was defined in (3.1), satisfies the following properties:
(1) both one-sided limits of g exist at each x ∈ (0, 1), and for each i ∈ N these limits at q i are given by g(q 1] , and in particular it is left-continuous; (3) g has has a dense set of jump discontinuities.
Proof. (1) and (2) 
thus g = G 1 f has a jump discontinuity at q.
Suppose now that the Lemma holds for 1, . . . , k − 1, and let g = k j=1 G j f j , where G 1 , . . . , G k ∈ A and G k is non-zero. For clearness, denote a i . = 2 −i . For each i ∈ N we have that
where P m (x m , . . . , x k , y) . = 
By the induction hypothesis,
has has a dense set of jump discontinuities in [a, b] . Since G 1 is continuous, h has jump discontinuities at the same points, and in particular it does not vanish at (a, b]. Let ε > 0 and x 0 ∈ (a, b] be such that |h(x 0 )| > ε. Since h is left-continuous, |h(x)| > ε for each x < x 0 which is close enough to x 0 . In particular, the set
Since S is infinite, there is i 0 ∈ S such that ε − N
Proof of Theorem 3.2. Let {g α : α < c} be a set of free generators in A, and consider the function f defined in (3.1). We will show that {g α f : α < c} is a set of free generators in F , and that the algebra generated by this set is entirely contained in F ∩ {0}. Let p be a polynomial of n variables and real coefficients, with no constant term, given by
here, Γ is denoting a (finite) set of n-dimensional multi-indices of the form γ = (γ 1 , . . . , γ n ), and each λ γ is nonzero. Note that (0, . . . , 0) ∈ Γ. To complete our proof, it suffices to show that g . = p(g α1 f, . . . , g αn f ) is in F ∪ {0} and that g is zero if and only if λ γ = 0 for all γ ∈ Γ. We can write g as follows:
. . g γn αn clearly belongs to A. Note that, since {g α : α < c} is a set of free generators in A, then for each j, G j = 0 implies that λ γ = 0 for each γ ∈ Γ satisfying |γ| = j. The result follows from Lemma 3.4. g. The image of ψ is denoted by AC 0 , and it consists of all absolutely continuous functions starting at zero. Note that each nowhere essentially bounded Lebesgue integrable function is mapped via ψ into a continuous function which is not identically zero in any subinterval of the domain; therefore by Theorem 2.3 there is an infinite dimensional closed subspace S of BV [0, 1], each non-zero element of which satisfies that property. Note also that, for each non-zero g ∈ S, (f + 1)g has dense set of jump discontinuities, where f was defined in (3.1). The conclusion follow from the fact that g ∈ AC 0 exists. In that case, [0, 1] f equals (4.1).
We will also need the following standard result which relates the Kurzweil and the Lebesgue integrals: We are interested in the set J of Kurzweil integrable functions which are not Lebesgue integrable. In the following we will construct a class of such functions which satisfy nice properties. Define Φ :
Then Φ is everywhere differentiable and
Then Φ I is also everywhere differentiable, and the derivative is given by
Each φ I is Kurzweil integrable (with (K) φ I = 0), but is not Lebesgue integrable, since its positive and negative parts have infinite integral. For each natural number
Clearly {φ I k : k ∈ N} is linearly independent. We can now state our first result on lineability for sets of Kurzweil integrable functions:
Proof. It suffices to show that span({φ The generalization is impossible, the reason being that, as it is known (see again [8] ), each Kurzweil integrable function must be Lebesgue integrable in some subinterval.
An easy computation gives us that, for each k, (α (1) F is a primitive to a Kurzweil integrable function; (2) F is differentiable everywhere except perhaps at x 0 . Since there is not a Hake-like Theorem for the C-integral, we are not able to answer this question with an argument analogue to the one used to prove Proposition 4.6.
4.1.
Remark on the algebrability of J . Unlike the sets studied in the previous sections (see Theorems 2.5 and 3.2), the set J ∪ {0} does not admit algebraic structures within it at all. This is a direct consequence of the following fact: if g is a Kurzweil integrable function such that g 2 is Kurzweil integrable, then g 2 is also Lebesgue integrable by Proposition 4.2.
